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Abstract. We construct moduli spaces of complex affine and di-
lation surfaces. Using ideas of Veech [Vee93], we show that the the
moduli space Ag,n(m) of genus g affine surfaces with cone points
of complex order m = (m1 . . . ,mn) is a holomorphic affine bundle
overMg,n, and the moduli space Dg,n(m) of dilation surfaces is a
covering space of Mg,n.

We then classify the connected components of Dg,n(m) and
show that it is an orbifold-K(G, 1), where G is the framed mapping
class group of [CS20].
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1. Introduction

Given a Riemann surface X, a complex affine structure is a maximal
atlas of charts whose transition functions belong to the group Aff(C) of
complex-affine automorphisms f(z) = az + b of the complex plane. In
other words, an affine structure is an (Aff(C),C)-structure compatible
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2 APISA, BAINBRIDGE, AND WANG

with the complex structure onX. IfX is closed, such an affine structure
exists if and only if X has genus one.

To obtain affine structures on higher genus closed surfaces, one must
allow isolated singularities. A branched complex affine structure on
X is an affine structure on the complement of a discrete set P . We
require that this structure is meromorphic in the sense that in local
coordinates z near each point p in P , the affine structure is of the
form zmg(z)dz for some complex number m and nonzero holomorphic
function g. (The charts of the affine structure near p are given by
branches of

∫
zmg(z)dz.) We say that p is a cone point of order m.

If X is closed of genus g, a branched complex affine structure must
have finitely many cone points whose orders sum to 2g − 2. As we
are primarily interested in closed surfaces of genus g > 1, where every
affine structure is branched, we will subsequently refer to these simply
as affine structures.

Let Ãg,n denote the Teichmüller space of affine surfaces, the set
of equivalence classes of affine surfaces X having labeled cone points
P = {p1, . . . , pn}, together with a homotopy class of marking (Σg, S)→
(X,P ), where Σg is a fixed genus g surface with a set S of n distin-
guished points. Given a tuple m = (mi)

n
i=1 of complex numbers that

sum to 2g − 2, let Ãg,n(m) ⊂ Ãg,n denote the locus of affine surfaces
where each pi has order mi. Similarly, define the corresponding moduli
spaces of affine surfaces Ag,n and Ag,n(m) as the respective quotients
by the mapping class group Modg,n. Since a complex affine surface has
an underlying conformal structure, there are natural forgetful maps

Ãg,n → Tg,n and Ag,n → Mg,n to the corresponding Teichmüller and

moduli spaces, and similarly for Ãg,n(m) and Ag,n(m).
Veech constructed these moduli space of affine surfaces and proved

many foundational results on their structure in his monumental paper,
[Vee93]. Given a closed Riemann surface X, Veech showed that the set
A(X,P,m) of affine structures on X, having fixed cone points P and
ordersm summing to 2g−2, is itself an affine space which is modeled on
the space Ω(X) of holomorphic one-forms on X. This affine structure
is induced by the exponential action of Ω(X) on A(X,P,m), which we
introduce in § 2. Veech moreover showed that these moduli space of
affine structures are smooth complex manifolds.

Veech’s results in other words tell us that the fibers of the forgetful

maps Ãg,n(m) → Tg,n and Ag,n(m) → Mg,n are g-dimensional bun-
dles of affine spaces (mod the action of finite automorphism groups
in the second case). This strongly suggests that these moduli spaces
are actually holomorphic affine bundles, though Veech did not consider
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the global structure of these forgetful maps. In § 3, we give a brief
self-contained construction of these moduli spaces as complex analytic
manifolds, and show that they are in fact affine bundles.

Theorem 1.1. The forgetful maps Ãg,n(m) → Tg,n and Ãg,n → Tg,n
are trivial holomorphic affine bundles, i.e. they have global holomor-
phic sections, with the fiber over a point representing a surface (X,P )
modeled on the space Ω(X) of holomorphic 1-forms and, respectively,
the space Ω(X,P ) of holomorphic one-forms on X which may have at
worst simple poles along P .

The forgetful maps Ag,n(m)→Mg,n and Ag,n →Mg,n are holomor-
phic affine bundles (in the orbifold category) whose fiber over a surface
(X,P ) can be identified with Ω(X)/Aut(X,P ) and Ω(X,P )/Aut(X,P )
respectively, where Aut(X,P ) is the group of automorphisms of X that
fix P pointwise.

In other terms, we show that the sheaves of sections for these forgetful
maps are torsors for the sheaf of sections of the Hodge bundle or the
extended Hodge bundle, allowing simple poles at the marked points,
over the respective bases.

Let AffR+(C) denote the subgroup of Aff(C) consisting of maps of
the form f(z) = az + b where a is a positive real number. An affine
surface is called a dilation surface if the transition functions for the
atlas defining the (Aff(C),C)-structure belong to AffR+(C) (a choice
of “horizontal direction” is often taken to be part of the structure of a
dilation surface, but we do not do so here). We will let Dg,n(m) denote
the moduli space of all dilation surfaces on genus g surfaces with n
marked points whose complex cone angles are given by m.

Though dilation surfaces do not appear in Veech’s work [Vee93],
his results easily imply that the set D(X,P,m) of dilation structures
on X with fixed cone points P and orders m is an affine set (or tor-
sor) modeled on a lattice in Ω(X) (see Corollary 2.12). This strongly
suggests that the Dg,n(m) are covering spaces of Mg,n, which we also
establish in § 3.

Theorem 1.2. Let m = (m1, . . . ,mn) be a tuple of complex numbers
with integral real parts so that

∑n
i=1mi = 2g − 2. Then Dg,n(m) is a

real analytic suborbifold of Ag,n(m) whose forgetful map to Mg,n is an
orbifold covering map.

By taking a directional vector field, a dilation surface structure on
a compact genus g Riemann surface X with n cone points P defines a
framing of X \ P , that is the homotopy class of a trivialization

f : T 1(X \ P )→ (X \ P )× S1
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of the tangent circle bundle of X \ P . Given a C1-immersed closed
curve γ, applying a framing f to the tangent vector field of γ defines
a “Gauss map” G : S1 → S1 whose degree is the turning number of γ
relative to f . If γi is a positively-oriented loop around the ith point in
P and ri is its turning number, then the Poincare-Hopf theorem implies
that

∑n
i=1 ri = 2g + n − 2. Given a tuple of integers r = (r1, . . . , rn)

that sums to 2g + n − 2, let F (X,P, r) denote the set of framings on
X \P so that the turning number of γi is ri. For framings arising from
dilation structures, the turning number and order at a cone point are
related by ri = Re(mi) + 1.

Given integers r = (ri) which sum to 2g−2+n, we denote by Fg,n(r)
the moduli space of n-pointed Riemann surfaces (X,P ) together with
a framing for X \ P having turning numbers ri at each pi, a covering
space Fg,n(r) →Mg,n whose fiber over the point represented by X is
a H1(X,Z)-torsor. The map assigning to a dilation surface its framing
defines a map Dg,n(m)→ Fg,n(r), where ri = Re(mi) + 1.

Theorem 1.3. The map Dg,n(m)→ Fg,n(r) sending a dilation surface
to its framing is an isomorphism of orbifold covering spaces overMg,n.

Let Modg,n[f ] < Modg,n be the stabilizer of a framing f . SinceMg,n

is an orbifold K(Modg,n, 1), we obtain:

Corollary 1.4. Each component C of Dg,n(m) is a K(Modg,n[f ], 1),
in the orbifold sense, where f is the framing associated to an element
of C.

Calderon and Salter [CS20] showed that the fundamental group of
non-hyperelliptic components of strata of translation surfaces in genus
g ≥ 5 surjects onto Modg,n[f ]. It would be interesting to determine
whether this follows from Corollary 1.4.

By Theorem 1.3, determining the components of Dg,n(m) is equiva-
lent to determining the Modg,n orbits1 on F (X,P, r), which were com-
puted by Kawazumi [Kaw18] and which we will use to show the fol-
lowing.

Theorem 1.5. Let m = (m1, . . . ,mn) be as in Theorem 1.2 and κ =
(Re(m1), . . . ,Re(mn)).

(a) If g = 0, Dg,n(m) has exactly one component.

(b) If g = 1 and n = 0, Dg,n(m) has infinitely many components.

(c) If g = 1 and n 6= 0, Dg,n(m) has exactly ϕ(gcd(κ)) components,
where ϕ is Euler’s phi function.

1The related question of determining Modg,n orbits of relative framings was
resolved by Randal-Williams [RW14]; but this will not be relevant in the sequel.
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(d) If g ≥ 2 and κ contains an odd number, then Dg,n(m) has
exactly one component.

(e) If g ≥ 2 and κ contains only even numbers, then Dg,n(m) has
two components distinguished by the Arf invariant of the fram-
ings associated to the dilation surfaces in Dg,n(m).

Theorem 1.5 answers a question of Duryev, Fougeron, and Ghazouani
[DFG19] on the number of connected components of Dg,n(m).

We conclude this section with a discussion of the previous litera-
ture. The study of complex affine surfaces with branch points dates
back to Gunning [Gun81]. In [Vee93], Veech provides a comprehen-
sive treatment of the moduli spaces of complex affine surfaces Ag,n.
There he gives local coordinates on Ag,n using the representation va-
riety Hom(π1(Σg,n, ∗),Aff(C)) along with the relative locations of the

cone points and also shows that Ãg,n(m) is a complex analytic subman-
ifold of Tg,n × Hom(π1(Σg,n, ∗),C∗), along with many other results. In
Sections 2 and 3, we provide an alternate and self-contained treatment
of some of Veech’s work on complex affine surfaces and use these results
as a foundation upon which to understand the topology of the moduli
space of dilation surfaces, which Veech did not specifically study in his
paper.

Theorem 1.5 is reminiscent of the classification of components of
strata of translation surfaces by Kontsevich and Zorich [KZ03], who
showed that each stratum has up to three components: a hyperelliptic
component in the strata H(2g− 2) and H(g− 1, g− 1), two other con-
nected components differentiated by parity of spin structure when the
orders of the zeros are all even, and one other connected component
otherwise. Boissy [Boi15] obtained a similar description of compo-
nents of strata of meromorphic differentials. It would be interesting to
determine whether Theorem 1.5 could be used to deduce these results.

We also note that various authors have studied dynamical ques-
tions about dilation surfaces. For more on this, see [BFG20], [BGT]
[BG19], [BS20], [DFG19], [Gha21], [Tah21], and [Wan].

2. Affine and dilation surfaces

In this section, we define a complex affine surface roughly as the data
of a closed Riemann surface X together with a set of marked points
P = {p1, . . . , pn}, a flat line bundle L → X \ P , and a holomorphic
section ω of L ⊗ ΩX over X \ P . We define the order of vanishing
mi ∈ C of such a section at pi in §,2.2.

Given a surface X, which we will always assume to be closed, and a
set of marked points P ⊂ X, we denote by A(X,P ) the set of affine
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structures on X with cone points at P , and by A(X,P,m) the set of
affine structures with order mi at pi. We define in § 2.4 the exponential
action, as introduced by Veech, of Ω(X) on A(X,P,m) and of Ω(X,P )
(the space of holomorphic one-forms with at worst simple poles along
P ) on A(X,P ). The action of Ω(X,P ) is analogous and modifies the
cone angles by adding the residues. In § 2.4, we prove the following
theorem of Veech which shows that given marked points P and cone
angles m summing to 2g − 2, there is an affine structure with these
data which is unique up to the exponential action.

Theorem 2.1 ([Vee93, Theorem 1.13]). The set of affine structures
A(X,P ) is nonempty, and A(X,P,m) is nonempty if and only if

∑
mi =

2g−2. The exponential actions of Ω(X,P ) and Ω(X) are free and tran-
sitive.

In other words, A(X,P,m) and A(X,P ) are affine spaces modeled
on Ω(X) and Ω(X,P ) respectively.

We moreover define a dilation surface as an affine surface whose flat
bundle L has positive real holonomy. As a corollary of Theorem 2.1, we
show that the data of X, P , and orders of vanishing define a dilation
structure uniquely up to the action of a lattice Λ ⊂ Ω(X).

2.1. Flat bundles. We start by recalling some background on flat
bundles. Fix a basepoint ∗ of X. Given χ ∈ Hom(π1(X, ∗),C∗) =
H1(X,C∗), define a flat holomorphic line bundle

Lχ,∗ = (X̃ × C)/π1(X, ∗),

where π1(X, ∗) acts on the universal cover X̃ of X as the deck trans-
formation group and on the second factor by the character χ. We
will usually omit the base-point from the notation, as two flat bun-
dles with the same holonomy character are isomorphic. This defines a
homomorphism H1(X,C∗) → Pic0(X), where Pic0(X) is the group of
degree zero holomorphic line bundles on X, which can be seen via the
commutative diagram in Figure 2.1. The bottom row comes from the
exponential sheaf sequence on X. The vertical row is part of the long
exact sequence associated to the short exact sequence of sheaves,

0 CX OX ΩX 0.d

Given α ∈ Ω(X), define the χα ∈ H1(X,C∗) by χα(γ) = e
∫
γ α. The

following classical result, which appears in Gunning [Gun66, § 8],
follows by a straightforward diagram chase.

Proposition 2.2. The map H1(X,C∗) → Pic0(X) is a surjection
whose kernel is {χα}α∈Ω(X).
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0

Ω(X)

0 H1(X,Z) H1(X,C) H1(X,C∗) 0

0 H1(X,Z) H1(X,OX) Pic0(X) 0

0 .

Figure 2.1

Remark 2.3. Let π : X̃ → X be the universal cover and α ∈ Ω(X). Let

p be any preimage of ∗ on X̃. The map s̃α(x) = e
∫ x
p π
∗α is π1(X, ∗)-

equivariant and hence descends to a nowhere vanishing holomorphic
section sα of Lχα , which shows that Lχα is holomorphically trivial.

2.2. Affine surfaces. We will now define flat bundles over punctured
surfaces and then define a complex affine surface as a meromorphic
section of such a bundle.

Definition 2.4. Suppose that L is a flat bundle over ∆∗, the unit disk
in C punctured at 0, so that the monodromy of a positively oriented
loop around 0 is a ∈ C∗. Let m be a complex number so that e2πim = a.
Any section of L can be written as s(z) = zmf(z) where f : ∆∗ → C is
holomorphic. We say that s is meromorphic if f is, in which case its
order at 0 is ord0(f) +m (which does not depend on m).

Similarly, we say a section ω of L⊗Ω∆∗ is meromorphic if ω/dz is a
meromorphic section of L, and define its order as ord0 ω = ord0 ω/dz.

Since these definitions are coordinate-independent we may speak of
meromorphic sections of a flat bundle over a punctured surface as well
as the order of vanishing at a puncture.

Definition 2.5. A branched complex affine surface (X,P, χ, ω) consists
of a Riemann surface X, a tuple of points P = (p1, . . . , pn) ⊂ X, a
character χ ∈ H1(X \P,C∗), and a meromorphic section ω of Lχ⊗ΩX ,
with no poles or zeros on X \ P . We regard two sections of Lχ ⊗ ΩX

which differ by a constant multiple as defining the same affine surface.
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If χ ∈ H1(X \ P,R+) (resp. χ ∈ H1(X \ P, S1)), then the complex
affine surface is called a dilation (resp. flat) surface.

We remark that the classical definition of a complex affine surface is
a (G,X)-structure on X where G is the group of complex affine maps
{z 7→ az + b : z ∈ C∗, b ∈ C} (see [Gun81]). The above definition
gives a (G,X)-structure on X \ P but allows for cone points at P . As
we are primarily interested in closed surfaces of genus greater than 1,
we will continue to abuse terminology and refer to branched complex
affine surfaces simply as affine surfaces.

The points in P will be called cone points. If ω denotes the meromor-
phic section of Lχ⊗ΩX , the complex cone angle at pj is 2π

(
1 + ordpj(ω)

)
.

The real part of the cone angle dictates the angle around the cone point,
and the exponentiation of the product of −2π and the imaginary part
dictates the dilation of the metric around the cone point (see Figure
2.2). In particular, the orders ordpj(ω) of cone points of a dilation sur-
face must have integral real part and those of a flat surface must be
purely real. This definition allows for ω to have zeros or poles at the
cone points.

(a) A one parameter family of di-
lation surfaces no two of which be-
long to the same stratum. The la-
bels indicate lengths.

(b) A one parameter family of flat
surfaces formed by gluing congru-
ent isosceles triangles to an equi-
lateral triangle. For t ∈ (0, 1]
these surfaces belong to A1,2(3t−
1, 1− 3t).

Figure 2.2. Two one-parameter families, one of dila-
tion and the other of flat surfaces, no two of which belong
to the same stratum.
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2.3. Flat singular bundles. We now wish to give an alternative def-
inition of a complex affine surface in terms of bundles over X rather
than the punctured surface X \ P . This will be the most useful point
of view for constructing the moduli space of affine surfaces in § 3. We
first recall the notion of a flat bundle with isolated singularities, extend-
ing Lχ over the punctures. This extension is not unique and essentially
involves a choice of a logarithm of the holonomy around each puncture.

Given a finite-type surface X \ P , we will say that the holonomy
data refers to a character χ ∈ H1(X \ P,C∗) together with the choice
of a collection m = (m1, . . . ,mn) of complex numbers so that e2πimj =
χ(γj) where γj is a positively oriented loop around the puncture pj.
Note that since

∑
γj = 0 in H1(X \ P ), we have

∑
mj ∈ Z.

An affine surface (X,P, χ, ω) as in Definition 2.5 determines such
holonomy data, where for each puncture mi = ordpi ω.

Following Deligne-Mostow [DM86, § 2], we note that holonomy data
defines an extension Lχ,m of Lχ over the punctures of X \ P .

Definition 2.6. If ι : X\P → X is the inclusion map, then define Lχ,m
to be the line bundle corresponding to the locally free subsheaf of ι∗Lχ
whose sections are meromorphic sections σ of Lχ so that ordpj(σ) ≥ mj

for all j.

Informally, this definition amounts to declaring that zmi is a nonzero
local holomorphic section of Lχ,m in a neighborhood of pi.

Definition 2.7. Let VX,P ⊆ H1(X\P,C∗)×Cn denote the collection of
pairs (χ,m) so that e2πimj = χ(γj) for all j. Similarly, let VX,P (m) =
VX,P ∩ (H1(X \P,C∗)×{m}). The holonomy data of a complex affine
surface is an element of VX,P .

Proposition 2.8 ([DM86, Proposition 2.11.1]). deg (Lχ,m) = −
∑
mi.

Proof. Each element of VX,P defines a line bundle Lχ,m. Moreover,
(χ,m) and (χ′,m′) are in the same component if and only if

∑
mj =∑

m′j.
For any family of line bundles, the degree is a continuous func-

tion. Since each component of VX,P contains a pair with χ = 1 and
m integral, whose corresponding line bundle is the classical bundle
O(−

∑
mipi), whose degree is −

∑
mi, the result follows. �

We are now prepared to give a second equivalent definition of a
complex affine surface.

Definition 2.9. A complex affine surface is a tuple (X,P, χ,m) con-
sisting of a Riemann surface X, a finite set of points P ⊂ X, and
holonomy data (χ,m) so that Lχ,m ⊗ ΩX is holomorphically trivial.
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Proposition 2.10. The two definitions (X,P, χ, ω) from Definition
2.5 and (X,P, χ,m) from Definition 2.9 are equivalent.

Proof. If (X,P, χ, ω) is a complex affine surface from Definition 2.5,
then let mi be the order of ω at pi. By definition, ω defines a nowhere-
vanishing holomorphic section of Lχ,m, which is consequently a trivial
bundle.

Conversely, if (X,P, χ,m) is a complex affine surface from Definition
2.9, then Lχ,m ⊗ ΩX is holomorphically trivial and hence admits a
nowhere-vanishing section ω that is unique up to scaling. �

2.4. Affine structures with fixed cone points. Given a Riemann
surface X, marked points P = {p1, . . . , pn}, and m = (m1, . . . ,mn)
summing to 2g−2, we will now show that there exists a unique complex
affine structure up to the exponential action by α ∈ Ω(X), a unique
dilation structure up to the exponential action by α ∈ Ω(X) with
Im(α) ∈ H1(X, 2πZ), and a unique flat structure.

Definition 2.11. Suppose that (X,P, χ, ω) is a complex affine surface
and that α ∈ Ω(X). Then sα⊗ω is a meromorphic section of Lχα⊗Lχ
with no poles or zeros on X \P (see Remark 2.3 for the definition of sα
and χα) and so (X,P, χαχ, sα ⊗ ω) is a complex affine surface, which
we denote by α · ω. We call this the exponential action.

Remark. We note that when α ∈ Ω(X), the exponential action does
not change the location or cone angles of a complex affine surface. If
we generalize this action to allow for α to have simple poles, then at
every pole pi of α, the section sα ⊗ ω has order ordpi ω + Respi α at pi.
That is, the complex cone angle at pi changes by 2π(Respi α) under the
action of α.

We end this section by proving results about the existence of complex
affine, dilation, and flat structures with prescribed cone angle data.
Theorem 2.1 is due to Veech and Corollary 2.14 is due to Troyanov
when Re(ordpi ω) > −1 at every cone point pi.

Proof of Theorem 2.1. The degree of Lχ,m ⊗ ΩX is 2g − 2 −
∑
mi by

Proposition 2.8. Since a trivial bundle has degree 0, an affine structure
must have

∑
mi = 2g − 2.

Let χ ∈ H1(X \P,C∗) be any character so that χ(γj) = e2πimj for all
j, where γj is a positively oriented loop around pj. By Proposition 2.2,
there is ρ ∈ H1(X,C∗) so that L−1

ρ = Lχ,m⊗ΩX . Therefore, Lρχ,m⊗ΩX

is holomorphically trivial and hence (X,P, ρχ,m) is a complex affine
surface. We are done by Proposition 2.10.
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Suppose now that (X,P, χ1,m) and (X,P, χ2,m) are complex affine
structures that define meromorphic sections ωi of Lχi⊗ΩX that do not
have zeros or poles on X \ P . Then ω1

ω2
is a nowhere vanishing section

of Lχ1χ
−1
2

, which we view as a bundle over X (not merely X \ P ).

By Proposition 2.2, χ1χ
−1
2 = χα for some α ∈ Ω(X). It follows that

ω1 = sα ⊗ ω2, as desired.
The analogous statements for the action of Ω(X,P ) are proved sim-

ilarly. �

Corollary 2.12. Given a closed Riemann surface X of genus g, points
P = (p1, . . . , pn) ⊂ X, and complex numbers m = (m1, . . . ,mn) with∑
mi = 2g − 2 and Re(mi) ∈ Z, there is a dilation structure on X

with each pi a cone point of complex cone angle 2π(mi + 1). Any two
dilation structures differ by the exponential action of α ∈ Ω(X) where
[Im(α)] ∈ H1(X, 2πZ).

Remark 2.13. In other terms, the set of dilation structures D(X,P,m)
on X with cone points at P of fixed orders m is a torsor for H1(X,Z)
via the exponential action, where we identify Ω(X) with H1(X,R) by
α 7→ [Im(α)/2π].

Proof. By Theorem 2.1, let (X,P, χ,m) be a complex affine structure.

Notice that |χ|
χ
∈ H1(X,S1) (the fact that χ(γ) is a positive real num-

ber for any loop γ around a puncture is what allows us to take the
cohomology of X and not just X \ P ). There is a lattice of elements

ρ ∈ H1(X,R) so that eiρ = |χ|
χ

. By the Hodge theorem, any such coho-

mology class is the real part of a unique holomorphic 1-form. Choose
α ∈ Ω(X) so that [Imα] = ρ. Therefore, (X,P, χαχ,m) is a complex
affine structure and, since χαχ = e[Reα]|χ| ∈ H1(X,R), it is a dilation
surface structure. The final claim is immediate from the final claim of
Theorem 2.1. �

Corollary 2.14 (Troyanov, [Tro86]). Given a closed Riemann sur-
face X of genus g, points P = {p1, . . . , pn} ⊂ X, and real m =
(m1, . . . ,mn) with

∑
mi = 2g − 2, there is a unique flat structure (up

to scaling) on X with each pi a cone point with cone angle 2π(mi + 1).

As a warning, we note that in Figure 2.2b we produced a one-
parameter family of flat structures in A1,2 that map to a single point
in M1,2. Therefore, it is crucial to bear in mind that, for Corollary
2.14, given (X,P ) ∈Mg,n there is a unique flat structure on (X,P ) in
Ag,n(m), but not necessarily in Ag,n.

Proof. By Theorem 2.1, there is an affine structure (X,P, χ,m). Notice
that |χ|−1 ∈ H1(X,R+) (the fact that χ(γ) ∈ S1 for any loop γ around



12 APISA, BAINBRIDGE, AND WANG

a puncture is what allows us to take the cohomology of X and not
just X \ P ). There is a unique ρ ∈ H1(X,R) so that eρ = |χ|−1. By
the Hodge theorem, ρ is the real part of a unique holomorphic 1-form
α. Then, eReα = |χ|−1. Therefore, (X,P, χαχ,m) is a complex affine
structure and, since χαχ = ei[Imα] χ

|χ| ∈ H
1(X,S1), it is a flat surface.

Uniqueness follows from the final claim of Theorem 2.1 as any other
(X,P, χβχ,m) would not have holonomy in H1(X,S1).

�

3. Moduli spaces of affine and dilation surfaces

We now construct the moduli spaces of affine surfaces and dila-
tion surfaces. As usual, we will first construct their corresponding
Teichmüller spaces and take the quotient by the mapping class group.

Let Σ be a fixed genus g surface with n+1 marked points {s1, . . . , sn+1}.
We denote by S the first n of these points. Let Tg,n be the Teichmüller
space of (Σ, S). The product B = Tg,n × VΣ,S is the moduli space of
marked surfaces together with holonomy data (the definition of VΣ,S

appears in Definition 2.7). Let X → B denote its universal curve,
which is the product of the universal curve of Tg,n with VΣ,S. We de-
note by Pi the section of X corresponding to the ith marked point and
denote by P their union.

Recall that the universal curve over Tg,n may be defined as the quo-
tient

Tg,n+1/π1(Σ \ {s1, . . . sn}, sn+1),

where the group acts via the point-pushing map

π1(Σ \ {s1, . . . sn})→ Modg,n+1.

Define the universal flat bundle L → X \ P as the quotient

L = (Tg,n+1 × VΣ,S × C)/π1(Σ \ {s1, . . . sn}, sn+1),

where the group acts on C via the character determined by the holo-
nomy data. Let µi : L→C and and µ : L→Cn be the functions that
record the ith entry of m or all of m respectively.

The product L⊗ΩX/B, where ΩX/B is the relative cotangent bundle,
is a line bundle over X \ P , which we may extend to a line bundle
K → X as we did in the previous section. More precisely, on an open
set U ⊂ X meeting Pi, let zi be a local holomorphic function with
(zi) = Pi∩U . We extend K over U by declaring zµii dzi to be a nonzero
holomorphic section over U .

As the restriction of K to any fiber of the universal curve is de-
gree 0, it defines a holomorphic section σ : B → Jac(X/B) of the
relative Jacobian variety (which can be defined as the quotient of
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the dual of the Hodge bundle over B by H1(Σ,Z)). The preimage
σ−1(0) of the zero-section is the locus of surfaces X with holonomy
data (χ,m) such that Lχ,m is trivial. We define the Teichmüller space

of affine surfaces Ãg,n = σ−1(0) ⊂ B. We have a holomorphic map

µ = (µ1, . . . , µn) : Ãg,n → Cn which records the orders of the affine
structure at each pi. Given complex number m = (m1, . . . ,mn) whose

sum is 2g−2 we denote by Ãg,n(m) ⊂ Ãg,n the fiber of µ over m. The
mapping class group acts on these spaces, and we define the moduli
space of affine surfaces Ag,n(m) and Ag,n to be their quotients.

Theorem 3.1. Ãg,n(m) and Ãg,n are complex submanifolds of B.

Moreover, the forgetful maps Ãg,n(m) → Tg,n and Ãg,n → Tg,n are
submersions.

Proof. Let X ′ denote the universal curve over Tg,n. The projection

π : B→Tg,n induces a map πJac : Jac(X/B)→ Jac(X ′/Tg,n). Since Ãg,n
is also the preimage (πJac ◦ σ)−1(0), to show that Ãg,n is a complex
submanifold, it suffices to show that πJac ◦ σ is a submersion. For this,
it suffices to show that for every m and X ∈ Tg,n, the restriction of σ
to σX : {X} × V(Σ,S)(m)→ Jac(X) is a submersion.

Let (X,P, χ0,m) be a complex affine structure on X, which exists by
Theorem 2.1. Any element of V(Σ,S)(m) can be written as ρχ0 where
ρ ∈ H1(X,C∗). Moreover, σX(ρχ0) = Lρ ⊗ Lχ0 ⊗ ΩX . Therefore,
σX is a translate of the natural map H1(X,C∗) → Pic0(X), which is
the rightmost vertical arrow in Figure 2.1. As seen in Figure 2.1, the
derivative of this map is H1(X,C) → H1(X,OX), which is surjective
by the vertical short exact sequence. This completes the proof that

Ãg,n is a complex submanifold.

To see that Ãg,n(m) is a complex submanifold of Ãg,n, we note that

the map µ : Ãg,n → Cn, recording the cone angles is a submersion. This
follows from the observation that the restriction of µ to an Ω(X,P )-
orbit is affine and surjective.

Given a point p ∈ Ãg,n(m),

TpÃg,n(m) =
(
d (πJac ◦ σ)p

)−1 (
TπJac◦σ(p)0

)
,

where 0 denotes the zero section of Jac(X ′/Tg,n). In particular, the

map (πJac ◦ σ)
∣∣
Ãg,n(m)

from Ãg,n(m) to 0 is a submersion. Since the

forgetful map from Ãg,n(m) to Tg,n is a composition of (πJac◦σ)
∣∣
Ãg,n(m)

and the projection from 0 to Tg,n, both of which are submersions, the
final claim follows. �
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Proof of Theorem 1.1. Given a point p ∈ Tg,n, there is an open neigh-

borhood U of p and a holomorphic section s : U→Ãg,n(m) (by the
implicit function theorem). Let ΩU denote the Hodge bundle over
U and choose a trivialization that identifies it with U × Cg. The
map f : U × Cg→ π−1(U) that sends a point (u, α) to the exponen-
tial action of α on s(u) is a biholomorphism by Theorem 2.1. This
construction gives π the structure of an affine bundle. In particular,

π : Ãg,n(m)→Tg,n is an ΩTg,n torsor. Such torsors are classified by
H1(Tg,n,ΩTg,n). Since Tg,n is a Stein manifold, any higher cohomology

group is trivial, so in fact Ãg,n(m) is biholomorphically equivalent to
Tg,n × Cg.

As the forgetful maps are equivariant with respect to the action
of the mapping class group, and moreover this action preserves the
affine structures of the fibers, it follows that Ag,n(m) → Mg,n and
Ag,n →Mg,n are holomorphic affine bundles.

To identify the fiber of Ag,n(m) over (X,P ) with Ω(X)/Aut(X,P ),
we note that the unique flat metric ρ from Corollary 2.14 with cone
angles m at P is an affine structure which must be fixed by the action
of Aut(X,P ). The exponential action then gives via Theorem 2.1 an
Aut(X,P )-equivariant bijection ω 7→ ω · ρ between Ω(X) and the set
of affine structures A(X,P,m) with these cone angles. The fibers of
Ag,n are identified similarly. �

We note that by the remark after Definition 2.11 of the exponen-
tial action, similar reasoning as in the proof of Theorem 1.1 implies

that Ãg,n is a holomorphically trivial bundle of affine surfaces over
Tg,n whose fiber over (X,P ) is an affine space modeled on the bundle
of meromorphic one-forms with at worst simple poles at the marked
points.

Remark. It seems to be an interesting open question whether or not the
map Ag,n →Mg,n is the projection map of an orbifold vector bundle.

We similarly define the Teichmüller spaces and moduli spaces of di-

lation surfaces D̃g,n(m) ⊂ Ãg,n(m) and Dg,n(m) ⊂ Ag,n(m), where
m ∈ Cn is a tuple of complex numbers with integral real part which
sum to 2g−2, to be the locus of affine surfaces with real holonomy and
orders of vanishing specified by m.

Proof of Theorem 1.2. Choose a section ρ : Tg,n → Ãg,n(m), let the ho-
lonomy be χ : Tg,n → H1(Σ\S,C∗), and choose a lift χ̃ : Tg,n → H1(Σ\
S,C) so that eχ̃ = χ. Given a cohomology class γ ∈ H1(Σ, 2πiZ), let
αγ be the real analytic section of the Hodge bundle over Tg,n whose
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cohomology class has imaginary part specified by

[Imαγ] = γ − Im χ̃.

The exponential action then gives a real analytic isomorphism F : Tg,n×
H1(Σ, 2πiZ)→ D̃g,n(m), defined by

F (X, γ) = e
∫
αγρ(X).

In particular, D̃g,n → Tg,n is a covering map, as is the quotient Dg,n →
Mg,n. �

Remark 3.2. As Figure 2.2 illustrates, it is often natural to gather genus
g dilation surfaces into a superstratum Hdil(κ) where κ consists of inte-
gers that sum to 2g−2 and Hdil(κ) is the set of dilation surfaces whose
cone points orders have real parts given by κ. The proof of Theorem
1.2 makes it clear that the lift of the superstratum to Teichmüller space
is real analytic submanifold foliated by strata of dilation surfaces and
whose fiber over a surface X corresponds to the holomorphic 1-forms
in Ω(X,P ) for which the imaginary part of the period of any essential
simple closed curve belongs to 2πZ.

4. Framings and the topology of Dg,n
Suppose that (X,P, χ, ω) is a dilation surface. Recall that the section

ω is only defined up to multiplication by a constant in C∗. Fix a
specific section ω. Since the character χ assumes positive real values,

(X̃ ×R)/π1(X, ∗) and (X̃ × iR)/π1(X, ∗) are oriented real line bundles
that are subbundles of Lχ. The horizontal vector field of X \ P is
given by elements v of the unit tangent bundle so that ω(v) belongs

to (X̃ × R>0)/π1(X, ∗). This vector field defines a framing, i.e. a
trivialization f : T 1(X \P )→ (X \P )×S1. If we had chosen a section
(reiθ)ω, where r and θ are positive real numbers, instead of ω, then
the trivialization would change by postcomposing by multiplication by
e−iθ on the S1 factor.

Given a C1 immersion γ : S1→X \ P , its derivative is a map to
the unit tangent bundle, which can be identified via the framing with
(X \ P ) × S1. The composition of the derivative and the projection
onto the S1 factor is a map between circles, whose degree τω(γ) is called
the turning number of γ. Since replacing ω with cω for c ∈ C∗ only
changes the framing by postcomposition with a rotation, the turning
number of γ is unaffected. Therefore, the turning number function is
well-defined for a dilation surface.
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Theorem 4.1. Let (X,P, χ1, ω1) and (X,P, χ2, ω2) be dilation sur-
faces. Let α ∈ Ω(X) so that ω2 = sα ⊗ ω1. Then for any C1 embedded
loop γ,

τω2(γ)− τω1(γ) =
1

2π

∫
γ

Im(α).

Proof. Let Y be the simply connected Riemann surface and π : Y →X\
P the uniformization map. There are holomorphic functions fi(z) so
that π∗ωi = fi(z)dz for i ∈ {1, 2}. Fixing z0 ∈ Y , and letting A(z) :=∫ z
z0
π∗α, we have that

f2(z) = eA(z)f1(z).

Let s : [0, 1]→Y be a C1 arc whose projection to X is a smoothly

embedded loop γ. Then τωi(γ) is the degree of fi(s)s
′

|fi(s)s′| , which may be

taken to be a map between circles. Given two maps between circles g1

and g2, deg(g1 · g2) = deg(g1) + deg(g2). Since the degree of the map
eA(s)

|eA(s)| = e
i
∫ s
z0
π∗Im(α)

is 1
2π

∫
γ

Im(α), we are done. �

Corollary 4.2. Two dilation surface structures on a fixed Riemann
surface (with cone points marked) coincide if and only if they determine
the same framing.

Proof. By Corollary 2.12, we are in the setting of Theorem 4.1, whose
notation we adopt. If the two framings coincide, then the two dilation
surfaces have identical turning numbers. Thus, Im(α) = 0 and hence
α = 0, which implies that the two dilation surfaces are equal. �

The turning number of an immersed curve may be generalized to
define the turning number of any loop in T 1(X \ P ). This defines a
class in H1(T 1(X \ P ),Z) (see [Joh80]), which is part of the exact
sequence

(4.1) 0→ H1(X \ P,Z)→ H1(T 1(X \ P ),Z)→ H1(S1,Z)→ 0,

and this construction identifies F (X,P, r) with the affine subset of
classes whose pairing with an oriented tangent circle is 1 and whose
pairing with the tangent vector field of γi is ri. It follows from this
exact sequence that F (X,P, r) ⊂ H1(T 1(X \ P ),Z) is a H1(X,Z)-
torsor.

Proof of Theorem 1.3. It follows from Corollary 2.12 that D(X,P,m),
the set of dilation structures on X with cone points at P of orders m,
is a H1(X,Z)-torsor, as is the set F (X,P, r) of framings by (4.1). The
forgetful map D(X,P,m) → F (X,P, r) is H1(X,Z)-equivariant by
Theorem 4.1, so it must be a bijection. The forgetful map Dg,n(m)→
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Fg,n(r) is then a bijection on each fiber, so must be an isomorphism of
covering spaces. �

Proof of Theorem 1.5. SinceDg,n(m)→Mg,n is a covering space equiv-
alent to Fg,n(r), and the fundamental group of the base is the mapping
class group Modg,n, the components of Dg,n(m) are in bijection with
the orbits of the Modg,n-action on the set F (X,P, r) of framings. These
were classified by Kawazumi in Theorem 4.3 below. �

Theorem 4.3 (Kawazumi [Kaw18]). Given two framings f1 and f2

on X − P with ρ(f1) = ρ(f2), f1 and f2 are in the same Modg,n-orbit
if and only if one of the following occurs:

(1) g = 0,

(2) g = 1 and ν(f1) = ν(f2),

(3) g ≥ 2 and ρ(f1) contains an even number.

(4) g ≥ 2, ρ(f1) consists entirely of odd numbers, and Arf(f1) =
Arf(f2).
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